ABSTRACT. We extend the results obtained by E. Ntienjem [23] to all positive integers. Let N be the subset of N consisting of 2 ν 0, where ν is in {0, 1, 2, 3} and 0 is a squarefree finite product of distinct odd primes. We discuss the evaluation of the convolution sum,
INTRODUCTION
In this work, we denote by N, Z, Q, R and C the sets of natural numbers, integers, rational numbers, real numbers and complex numbers, respectively. Let i, j, k, l, m, n ∈ N in the sequel. The sum of positive divisors of n to the power of k, σ k (n), is defined by (1.1) gcd(α, β) = 1, 0 ≤ ν ≤ 3, E. Ntienjem [23] κ ∈ N, p j > 2 distinct primes Table 1 : Known convolution sums W (α,β) (n) of level αβ Let N = { 2 ν 0 | ν ∈ {0, 1, 2, 3} and 0 is a squarefree finite product of distinct odd primes } be a subset of N. We evaluate the convolution sum, W (α,β) (n), for the class of natural numbers αβ such that αβ ∈ (N \ N). We use Dirichlet characters and modular forms to evaluate these convolution sums.
We observe that the positive integers αβ = 9, 16, 18, 25, 27, 32, 36 from Table 1 belong to the class of integers for which the evaluation of the convolution sum is discussed in this paper. From these integers, the convolution sums for 27 and 32 are evaluated using the approach that we are generalizing in the sequel. We revisit the evaluation of the convolution sums for αβ = 9, 16, 18, 25, 36 using our method.
We use the result from the above general case to obtain the evaluation of the convolution sum for αβ = 3 2 · 5, αβ = 2 4 · 3, αβ = 2 · 5 2 and αβ = 2 6 . These convolution sums have not been evaluated as yet.
As an application, convolution sums are used to determine explicit formulae for the number of representations of a positive integer n by the octonary quadratic forms Table 2 .
(a, b)
Authors References (1,1), (1, 3) , (1, 9) , (2, 3) E. Ntienjem [ (1, 13) E. Ntienjem [24] (1,10), (1, 14) , (2, 5) , (2, 7) ,
gcd(a, b) = 1, 0 ≤ ν ≤ 1, E. Ntienjem [23] κ ∈ N, p j > 2 distinct primes Table 2 : Known representations of n by the form Equation 1.3 Similarly, so far known explicit formulae for the number of representations of n by the octonary form Equation 1.4 are referenced in Table 3 . K. S. Williams [30] (1,4), (1, 6) , (1, 8) , (2, 3) A. Alaca (2, 5) E. Ntienjem [22] (1,12), (3, 4) D. Ye [34] E. Ntienjem [23] κ ∈ N, p j > 3 distinct primes Table 3 : Known representations of n by the form Equation 1.4
We also determine explicit formulae for the number of representations of a positive integer n by such octonary quadratic forms whenever αβ ≡ 0 (mod 4) or αβ ≡ 0 (mod 3).
We then use the convolution sums, W (α,β) (n), where αβ = 3 2 · 5, 2 4 · 3, 2 6 , to give examples of explicit formulae for the number of representations of a positive integer n by the octonary quadratic forms Equation 1.3 and Equation 1.4. This paper is organized as follows. In Section 2 we discuss modular forms and briefly define η-functions and convolution sums. We assume that αβ has the above form and then discuss the evaluation of the convolution sum, W (α,β) (n), in Section 3. In Section 4 and Section 5, we discuss a technique for computing all pairs of natural numbers (a, b) and (c, d), and then determine explicit formulae for the number of representations of n by the octonary form Equation 1.3 and Equation 1.4 when αβ ≡ 0 (mod 4) or αβ ≡ 0 (mod 3). In Section 6, we evaluate the convolution sums W (1, 45) (2, 25) (n) and W (1,64) (n) ; then in Section 8, we make use of these convolution sums and other known convolution sums to determine an explicit formula for the number of representations of a positive integer n by the octonary quadratic form
• Equation 1.3, where (a, b) stands for (1, 12) , (3, 4) , (1, 16) .
• Equation 1.4, where (c, d) stands for (1, 15) , (3, 5) , (1, 16) . The evaluation of the convolution sums for αβ = 9, 16, 18, 25, 36 is revisited in Section 9. Outlook and concluding remarks are made in Section 10.
Software for symbolic scientific computation is used to obtain the results of this paper. This software comprises the open source software packages GiNaC, Maxima, Reduce, SAGE and the commercial software package MAPLE.
ESSENTIALS TO THE UNDERSTANDING OF THE PROBLEM
2.1. Modular Forms. Let H = {z ∈ C | Im(z) > 0}, be the upper half-plane and let
is a subgroup of G and is called a principal congruence subgroup of level N. A subgroup H of G is called a congruence subgroup of level N if it contains Γ(N). For our purposes the following congruence subgroup is relevant:
The following definition is according to N. Koblitz [14, p. 108 ].
Definition 2.1. Let N ∈ N, k ∈ Z, f be a meromorphic function on H and Γ ⊂ Γ a congruence subgroup of level N.
has the form ∑ n∈Z a n e 2πizn N and a n = 0 for finitely many n ∈ Z such that n < 0. (b) f is called a modular form of weight k for Γ if (b1) f is a modular function of weight k for Γ , (b2) f is holomorphic on H, (b3) for all δ ∈ Γ and for all n ∈ Z such that n < 0 it holds that a n = 0. (c) f is called a cusp form of weight k for Γ if (c1) f is a modular form of weight k for Γ , (c2) for all δ ∈ Γ it holds that a 0 = 0.
Let us denote by M k (Γ ) the set of modular forms of weight k for Γ , by S k (Γ ) the set of cusp forms of weight k for Γ and by E k (Γ ) the set of Eisenstein forms. The sets M k (Γ ), S k (Γ ) and E k (Γ ) are vector spaces over C. Therefore, M k (Γ 0 (N)) is the space of modular forms of weight k for Γ 0 (N), S k (Γ 0 (N)) is the space of cusp forms of weight k for Γ 0 (N), and E k (Γ 0 (N)) is the space of Eisenstein forms. Consequently, W. A. Stein [29, p. 81] 
We asume in this paper that 4 ≤ k is even and that χ and ψ are primitive Dirichlet characters with conductors L and R, respectively. W. A. Stein [29, p. 86] has noted that (1 − e 2πinz ). Let us set q = e 2πiz . Then it follows that
We will use eta function, eta quotient and eta product interchangeably as synonyms. M. Newman [20, 21] applied the Dedekind η-function to systematically construct modular forms for Γ 0 (N). Newman then etablishes conditions (i)-(iv) in the following theorem. G. Ligozat [17] determined the order of vanishing of an η-function at all cusps of Γ 0 (N), which is condition (v) or (v ) in the following theorem.
L. J. P. Kilford [13, p. 99] and G. Köhler [15, p. 37] have formulated the following theorem; it will be used to exhaustively determine η-quotients, f (z), which belong to M k (Γ 0 (N)), and especially those η-quotients which are in S k (Γ 0 (N)). If the following five conditions are satisfied
2.3. Convolution Sums W (α,β) (n). Given α, β ∈ N such that α ≤ β, let the convolution sum be defined by Equation 1.2. E. Ntienjem [22, 23] has shown and A. Alaca et al. [1] has remarked that one can simply assume that gcd(α, β) = 1.
Let q ∈ C be such that |q| < 1. Let furthermore χ and ψ be primitive Dirichlet characters with conductors L and R, respectively. We assume that χ = ψ and that χ is a Kronecker symbol in the following. Then the following Eisenstein series hold.
Note that M(q) is a special case of Equation 2.1 or Equation 2.4. We state two relevant results for the sequel of this work.
Proof. See E. Ntienjem [23] .
Theorem 2.4. Let α, β, N ∈ N be such that N = αβ, α < β, and α and β are relatively prime. Then
We carry out an explicit formula for the convolution sum W (α,β) (n).
3.1.
Bases of E 4 (Γ 0 (αβ)) and S 4 (Γ 0 (αβ)). Let D(αβ) denote the set of all positive divisors of αβ. A. Pizer [25] has discussed the existence of a basis of the space of cusp forms of weight k ≥ 2 for Γ 0 (αβ) when αβ is not a perfect square. We apply the dimension formulae in T. Miyake 
where m E ∈ N and ϕ is the Euler's totient function.
• for the space of cusp forms dim(S 4 (Γ 0 (αβ))) = m S , where m S ∈ N.
We use Theorem 2.2 (i) − (v ) to exhaustively determine as many elements of the space S 4 (Γ 0 (αβ)) as possible. From these elements of the space S 4 (Γ 0 (αβ)) we select relevant ones for the purpose of the determination of a basis of this space.
Let C denote the set of Dirichlet characters χ = (
where for each n ≥ 1 the coefficient b αβ,i (n) is an integer. (r2) When we divide the sum that results from Theorem 2.2 (v ), when d = N, by 24, then we obtain the smallest positive degree of q in B αβ,i (q).
Proof. 
Since the dimension of E 4 (Γ 0 (αβ)) is finite, it suffices to show that B E is linearly independent. Suppose that for each χ ∈ C, s ∈ D(χ) we have z(χ) s ∈ C and that for each t|αβ we have
We recall that χ is a Kronecker symbol; therefore, for all 0 = a ∈ Z it holds that a 0 = 0. Then we equate the coefficients of q n for n ∈ D(αβ) ∪ χ∈C {s|s ∈ D(χ)} to obtain the homogeneous system of linear equations in m E unknowns:
The determinant of the matrix of this homogeneous system of linear equations is not zero. Hence, the unique solution is x t = z(χ) s = 0 for all t ∈ D(αβ) and for all χ ∈ C, s ∈ D(χ). So, the set B E is linearly independent and hence is a basis of
We show that each B αβ,i (q), where 1 ≤ i ≤ m S , is in the space S 4 (Γ 0 (αβ)). This is obviously the case since B αβ,i (q), 1 ≤ i ≤ m S , are obtained using an exhaustive search which applies items (i)-(v ) in Theorem 2.2. Since the dimension of S 4 (Γ 0 (αβ)) is finite, it suffices to show that the set B S is linearly independent. Suppose that x i ∈ C and
x i b αβ,i (n) )q n = 0 which gives the homogeneous system of m S linear equations in m S unknowns:
Two cases arise:
The smallest degree of B αβ,i (q) is i for each 1 ≤ i ≤ m S : Then the square matrix which corresponds to this homogeneous system of m S linear equations is triangular with 1's on the diagonal. Hence, the determinant of that matrix is 1 and so the unique solution is
and we may consider B S as an ordered set. By the case above, the set B S is linearly independent. Hence, the linear independence of the set B S depends on that of the set B S .
and we are done. Suppose that det(A) = 0. Then for some n < k ≤ m S there exists B αβ,k (q) which is causing the system of equations to be inconsistent. We substitute B αβ,k (q) with, say B αβ,k (q), which does not occur in B S and compute of the determinant of the new matrix A.
Since there are finitely many B αβ,k (q) with n < k ≤ m S that may cause the system of linear equations to be inconsistent and finitely many elements of S 4 (Γ 0 (αβ)) \ B S , the procedure will terminate with a consistent system of linear equations. Since A. Pizer [25] has proved the existence of a basis for the space of cusps, we will find a basis of S 4 (Γ 0 (αβ)). Therefore, the set { B αβ,i (q) | 1 ≤ i ≤ m S } is linearly independent and hence is a basis of S 4 (Γ 0 (αβ)).
, the result follows from (a) and (b).
Note that if C = / 0, that means that the Dirichlet character is trivially one, then Theorem 3.1 proved by E. Ntienjem [23] is obtained as an immediate corollary.
3.2.
Evaluating the convolution sum W (α,β) (n). We recall the assumption that χ = 1 since the case χ = 1 has been discussed by E. Ntienjem [23] .
We equate the right hand side of Equation 3.3 with that of Equation 2.5 to obtain
We then take the coefficients of q n such that n is in D(αβ) and 1 ≤ n ≤ m S , but as many as the unknown, X 1 , . . . , X αβ , Z(χ) s for all χ ∈ C, s ∈ D(χ), and Y 1 , . . . ,Y m S , to obtain a system of m E + m S linear equations whose unique solution determines the values of the unknowns. Hence, we obtain the result.
For the following theorem, let for the sake of simplicity X δ , Z(χ) s and Y j stand for their values obtained in the previous theorem. 
Proof. We equate the right hand side of Equation 3.3 with that of Equation 2.5 to yield
We then solve for W (α,β) (n) to obtain the stated result.
Remark 3.5.
(a) As observed by E. Ntienjem [23] , the following part of Theorem 3.4 depends only on n, α and β but not on the basis of the modular space M 4 (Γ 0 (αβ)):
, that means that the Dirichlet character is trivially one, then Theorem 3.2 proved by E. Ntienjem [23] is obtained as an immediate corollary of Theorem 3.4.
(c) For all χ ∈ C and for all s ∈ D(χ) the value of Z(χ) s appears to be zero in all explicit examples evaluated as yet. Will the value of Z(χ) s always vanish for all αβ belonging to this class?
We now have the prerequisite to determine a formula for the number of representations of a positive integer n by the Octonary quadratic form.
NUMBER OF REPRESENTATIONS OF
In this section, we only consider those αβ ∈ N \ N such that αβ ≡ 0 (mod 4). That means, for a given κ ∈ N, we restrict the form of αβ to
, where e 1 ≥ 2 and e j ≥ 2 for at least one 2 ≤ j ≤ κ.
This approach is similar to the one given by E. Ntienjem [23] .
j , the set P = { p 1 = 2 e 1 −2 } ∪ { p e j j | 1 < j ≤ κ }, and P(P) be the power set of P. Then for each Q ∈ P(P) we define µ(Q) = ∏ q∈Q q. We set µ( / 0) = 1 if
Observe that
Proposition 4.1. Suppose that αβ has the above form and suppose that Ω 4 is defined as above. Then for all n ∈ N the set Ω 4 contains all pairs (a, b) ∈ N 2 such that N (a,b) (n) can be obtained by applying W (α,β) (n).
Proof. Similar to the proof given by E. Ntienjem [23] .
4.2.
Number of Representations of a positive Integer. As an immediate application of Theorem 3.4 the number of representations of a positive integer n by the octonary quadratic form a (x 2 1 + x 2 2 + x 2 3 + x 2 4 ) + b (x 2 5 + x 2 6 + x 2 7 + x 2 8 ) is determined. Let n ∈ N and the number of representations of n by the quaternary quadratic form x 2 1 + x 2 2 + x 2 3 + x 2 4 be denoted by r 4 (n). That means,
We set r 4 (0) = 1. K. S. Williams [32] has shown that for all n ∈ N (4.2)
Now, let the number of representations of n by the octonary quadratic form
We then derive the following result:
Proof. It holds that
We use Equation 4.2 to derive
We observe that
We assume in the sequel of this proof that the evaluation of
W (4a,b) (n) and W (a,4b) (n) are known. We map l to 4l and m to 4m to derive
and
respectively. We simultaneously map l to 4l and m to 4m to infer
We put these evaluations together to obtain the stated result for N (a,b) (n). We now consider those αβ ∈ N \ N for which αβ ≡ 0 (mod 3). That means, for a given κ ∈ N, we consider the restricted form of αβ
NUMBER OF REPRESENTATIONS OF
(5.1) αβ = 2 e 1 · 3 e 2 κ ∏ j>2 p e j j , where p j ≥ 5 and at least for one 2 ≤ j ≤ κ we have e j ≥ 2.
Determining
This method is similar to the one given by E. Ntienjem [23] . The construction is almost the same as the one given in Subsection 4.1.
j , the set P = {p 1 = 2 e 1 , p 2 = 3 e 2 −1 } ∪ { p e j j | 2 ≤ j ≤ κ }, and P(P) be the power set of P. Then for each Q ∈ P(P) we define µ(Q) = ∏ q∈Q q. We set
. Let now Ω 3 be defined as in Subsection 4.1 with ∆ instead of Λ, i.e.,
Proposition 5.1. Suppose that αβ has the above form and Suppose that Ω 3 be defined as above. Then for all n ∈ N the set Ω 3 contains all pairs (c, d) ∈ N 2 such that R (c,d) (n) can be obtained by applying W (α,β) (n).
Proof. Simlar to the proof of Proposition 4.1.
Number of Representations of a positive
Integer. The number of representations of a positive integer n by the octonary quadratic form c (
) is determined as an immediate application of Theorem 3.4.
Let n ∈ N and let s 4 (n) denote the number of representations of n by the quaternary quadratic form
We set s 4 (0) = 1. J. G. Huard et al. [12] and G. A. Lomadze [18] have proved that for all n ∈ N (5.2)
Now, let the number of representations of n by the octonary quadratic form 
Proof. It is obvious that
We make use of Equation 5.2 to deduce
We assume that the evaluation of
W (3c,d) (n) and W (c,3d) (n) are known. We apply the transformations m to 3m and l to 3l to infer
respectively. We simultaneously map l to 3l and m to 3m deduce
We put these evaluations together to obtain the stated result for R (c,d) (n).
EVALUATION OF THE CONVOLUTION SUMS
In this Section, we give explicit formulae for the convolution sums W (1,45) (n), W (5,9) (n), W (1,48) (n), W (3,16) (n), W (1,50) (n), W (2,25) (n) and W (1,64 (n).
The two convolution sums W (1,50) (n) and W (2, 25) (n) are worth mentioning due to the fact that the set of divisors of 50 which are associated with the Dirichlet character for the formation of a basis of the space of Eisensten forms is the whole set of divisors of 50. We observe that (a) The sets
Let δ 1 ∈ D(45) and (r(i, δ 1 )) i,δ 1 be the Table 4 of the powers of η(δ 1 z). Let δ 3 ∈ D(48) and (r(k, δ 3 )) k,δ 3 be the Table 5 of the powers of η(δ 3 z). Let δ 2 ∈ D(50) and (r( j, δ 2 )) j,δ 2 be the Table 6 of the powers of η(δ 2 z). Let δ 4 ∈ D(64) and (r(l, δ 4 )) l,δ 4 be the Table 7 of the powers of η(δ 4 z). Let furthermore
be selected elements of S 4 (Γ 0 (45)), S 4 (Γ 0 (48)), S 4 (Γ 0 (50)) and S 4 (Γ 0 (64)), respectively. The sets
are bases of S 4 (Γ 0 (45)), S 4 (Γ 0 (48)), S 4 (Γ 0 (50)) and S 4 (Γ 0 (64)) , respectively. Proof. We only give the proof for B M,45 = B E,45 ∪ B S,45 since the other cases are done similarly. In the case of B E,48 , B E,50 , B E,64 an applicable primitive Dirichlet character is
We observe that (6.10)
and recall that for all 0 = a ∈ Z it holds that a 0 = 0. Since the conductor of the Dirichlet character −4 n is 4, we infer from Equation 2.1 that C 0 = 0. We then deduce
Then we equate the coefficients of q n for n ∈ D(45) plus for example n = 2, 7 to obtain a system of 8 linear equations whose unique solution is x δ = z 1 = z 3 = 0 with δ ∈ D(45). So, the set B E is linearly independent. Hence, the set B E is a basis of E 4 (Γ 0 (45)).
So, we equate the coefficients of q n for 1 ≤ n ≤ 14 to obtain a system of 14 linear equations whose unique solution is x i = 0 for all 1 ≤ i ≤ 14. It follows that the set B S is linearly independent. Hence, the set B S is a basis of S 4 (Γ 0 (45)). (c) Since M 4 (Γ 0 (45)) = E 4 (Γ 0 (45)) ⊕ S 4 (Γ 0 (45)), the result follows from (a) and (b).
6.2. Evaluation of W (α,β) (n) for αβ = 45, 48, 50, 64. We evaluate the convolution sums W (α,β) (n) for (α, β) = (1, 45), (5, 9), (1, 48), (3, 16) , (1, 50) , (1, 64).
Corollary 6.2. It holds that − 129000 b 50,15 (n) − 6300 b 50,16 (n) + 28800 b 50,17 (n) q n . Proof. It follows immediately from Lemma 3.3 when one sets α = 5 and β = 9. However, we briefly show the proof for (5 L(q 5 ) − 9 L(q 9 )) 2 as an example. One obtains (6.18) since the conductor of the Dirichlet character −4 n is 4, and hence from Equation 2.1 we have C 0 = 0. Now when we equate the right hand side of Equation 6 .18 with that of Equation 2.5, and when we take the coefficients of q n for which 1 ≤ n ≤ 15 and n = 17, 19, 21, 23, 25, 27, 45 for example, we obtain a system of linear equations with a unique solution. Hence, we obtain the stated result. Now we state and prove our main result of this subsection. Corollary 6.3. Let n be a positive integer. Then
Proof. It follows immediately from Theorem 3.4 when we set (α, β) = (1, 16), (1, 25) , (5, 9) , (1, 45), (2, 25) , (1, 50) , (1, 64 We apply the convolution sums W (1,48) (n), W (3, 16) (n), W (1,64) (n) and other known evaluated convolution sums to determine explicit formulae for the number of representations of a positive integer n by the octonary quadratic form Equation 1.3.
Since 64 = 2 6 and 48 = 2 4 · 3 it follows from Equation 4.1 that
The following result is then deduced.
Corollary 7.1. Let n ∈ N and (a, b) = (1, 12), (1, 16) , (3, 4) . Then
Proof. We make use of the convolution sums W (5,9) (n), W (1,45) (n), W (3, 16) (n), W (1,48) (n) and other well-known convolution sums to determine explicit formulae for the number of representations of a positive integer n by the octonary quadratic form Equation 1.4. We revisit the evaluation of the convolution sums for αβ = 5, 15 using modular forms. The result for αβ = 5 was obtained by M. Lemire and K. S. Williams [16] , and S. Cooper and P. C. Toh [9] ; that for αβ = 15 was achieved by B. Ramakrishnan and B. Sahu [26] when using a basis which contains one cusp form of weight 2. We note that αβ = 5, 15 belong to the class of positive integers αβ discussed by E. Ntienjem [23] . Therefore, it suffices to determine a basis of the space of cusp forms for Γ 0 (αβ)) and apply [23, Thrm 3.4] . Because of Equation 6.1, B 45,2 (q), B 45,3 (q) and in addition
are basis elements of S 4 (Γ 0 (15)). We note that B 45,1 (q) is the basis element of S 4 (Γ 0 (5)).
Theorem 8.1. Let n be a positive integer. Then
We make use of these results to deduce the following. We revisit the evaluation of the convolution sums for W (1, 9) (n), W (1,16) (n), W (1,18) (n), W (2,9) (n), W (1, 25) (n), W (1,36) (n) and W (4,9) (n) obtained by K. S. Williams [30] , A. Alaca et al. [4, 2] , E. X. W. Xia et al. [33] and D. Ye [34] , respectively. These convolution sums have been evaluated using a different technique.
Due to Equation 6.2, using B 45,1 (q) as basis element of S 4 (Γ 0 (9)) and applying the same primitive Dirichlet character as for E 4 (Γ 0 (45)), one easily replicates the result for the convolution sum W (1,9 (n) obtained by K. S. Williams [30] .
These convolution sums are improved using our method since we apply the right number of basis elements of the space of cusp forms corresponding to level 16, 18 and 25. In case of the evaluation of W (1, 16) (n), we will use B 64,3 (q) = Table 7 ; the primitive Dirichlet character Equation 6.9 is applicable. For the evaluation of W (1, 25) (n) we will use B 50,2 (q) = η 3 (z)η 4 (5z)η(25z) = ∑ n≥1 b 50,2 (n)q n instead of B 50,2 (q) given in Table 6 ; we apply the primitive Dirichlet character Equation 6.9. Since M 4 (Γ 0 (6)) ⊂ M 4 (Γ 0 (12)) ⊂ M 4 (Γ 0 (36)) (9.1) M 4 (Γ 0 (9)) ⊂ M 4 (Γ 0 (18)) ⊂ M 4 (Γ 0 (36)) (9.2) it suffices to consider the basis of S 4 (Γ 0 (36)), whose table of the exponent of the η-quotients is given in Table 8 . Note that dim(E 4 (Γ 0 (18))) = 8, dim(S 4 (Γ 0 (18))) = 5, dim(E 4 (Γ 0 (36))) = 12, dim(S 4 (Γ 0 (36))) = 12.
The primitive Dirichlet character Equation 6.10 is applicable in case of E 4 (Γ 0 (18)) and E 4 (Γ 0 (36)). 
